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On frictionless impact models in
rigid-body systems

By Christoph Glocker
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The paper reviews the frictionless collision problem in rigid-body dynamics. After
having established the contact kinematical equations and the impact equations, New-
ton’s and Poisson’s impact laws are stated in inequality form for one collision point.
This situation is extended by superposition to multi-contact con gurations. The
concept of superposition together with the equations for a single contact de nes
the mechanical impact theory. It is valid only within a certain restricted framework
speci ed by several physical assumptions, which are discussed to some extent.
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1. Introduction

There are at least two historical approaches to impacts: Newton’s kinematic impact
law, which reverses the sign of the relative velocity at the impact and takes into
account dissipation by a coe¯ cient 0 6" 61,

"(v V ) = (C c); (1.1)

and Poisson’s impact law, which requires a decomposition of the impact process
into a compression phase ( ) and a decompression phase (+) in order to de ne the
restitution coē cient " by the ratio of the corresponding impulsive forces,

¤ ( + ) = "¤ (¡): (1.2)

Both impact laws in their original versions were certainly not formulated with the
intention to be used for a multibody system as a general rule on how to treat velocity
jumps. Newton performed experiments with balls on a string ( gure 1) in order,
primarily, to verify his lex tertia (Szab´o 1979). Within this framework Newton’s
impact law is indeed not an independent equation, but it can be derived from the
conservation of linear momentum of the actually one-dimensional system of two
point masses under the hypothesis of the law of interaction and the assumption
of a dissipative contact process. Equation (1.1) is valid independent of the contact
duration and for any temporal distribution of the contact forces in the sense that an
" can always be found such that (1.1) holds. Poisson had already investigated the
impact between two rigid bodies by using Newton’s second law and Euler’s axiom,
ending up with 12 equations together with a 13th, (1.2), regarding the `normal force’
at the impact. This is already close to today’s methods of treating impacts, where
the impact law is regarded as an independent equation, which cannot generally be
derived from any mechanical principle when dealing with rigid bodies.
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Figure 1. Newton’s experimental set-up (Szab¶o 1979).

The goal of this paper is to review some current concepts dealing with friction-
less collision problems in rigid-body dynamics, and to investigate how the historic
impact laws (1.1), (1.2) match with these methods. Special attention is paid to the
multi-contact impact problem. In  nite-degrees-of-freedom dynamics, I believe it was
rigorously treated for the  rst time by Moreau (1988) in his non-smooth dynamical
equations.

The paper is organized as follows. In x 2 the collision of two bodies as members
of a multibody system is investigated. We allow one frictionless simple unilateral
constraint and treat the impact only within this single-contact con guration. It is
shown how to de ne the contact points, including the case that the bodies are sep-
arated, how to set up the simple unilateral constraint from the gap between the
contact points, and how to de ne the normal relative velocity, which is later used
in the impact laws. We further present how to account for the contact forces in the
Newton{Euler equations for the impact-free motion, and how to obtain from that
formulation the impact equations by integration over a singleton in time. To get a
complete description of the dynamics at the impact, one has to introduce additional
impact laws. We state Newton’s and Poisson’s impact laws in inequality form and
thus obtain two alternative methods to treat the impact.

In x 3 the single collision problem is extended to multi-contact con gurations by
superposition for both Newtonian and Poisson impacts. We discuss in particular the
conditions under which superposition can be assumed to work from the physical
point of view, and what has to be understood by a mechanical impact theory. We
give an example showing that Newton’s and Poisson’s impact laws already provide
di¬erent solutions in the case of a single collision with friction. Furthermore, we try to
explain why inequalities should be used to formulate the impact laws, in particular,
for the multi-contact case. We also discuss the meaning of the restitution coē cient
and the in®uence of the spatial discretization of the system. These two topics are
not independent of each other; in particular, the restitution coē cient is generally
not only a function of the material properties. As a related question, it is brie®y
discussed how the in®uence of wave e¬ects can be taken into account, which requires
an even more extended formulation of the impact laws.

2. Impact models

Throughout the paper the following nomenclature is used. We denote by t time and
by q(t) 2 f the Lagrangian coordinates of the system, i.e. a set of coordinates
which determines uniquely the displacements of all bodies in the system when all
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Figure 2. Surface parametrization and rigid-body kinematics.

unilateral contacts are open. Any geometric entity in 3 like displacements or normals
to surfaces is  nally a well-de ned function of (q(t); t) with a  rst time derivative
which is linear ā ne in _q(t).

(a) Contact points and relative velocity

In this section we study brie®y the kinematics of contacting rigid bodies as far as
it is needed for frictionless impacts. This requires in particular the de nitions of the
contact points and the normal relative velocity to set up the unilateral constraint and
to formulate an impact law as later done in x 2 c. Regarding the enormous variety of
geometric contact con gurations (convex and non-convex bodies with and without
corners or edges; contact regions of di¬erent dimensions) it seems reasonable to pick
out a special class of contact geometries and to perform the necessary steps as an
example. Thus, we restrict ourselves to strictly convex rigid bodies with a smooth
surface at least in a neighbourhood of a potential contact, such that the contact area
reduces to a single point which may move relative to the bodies’ surfaces. Extensions
of the presented approach to more general contact geometries are possible as long
as a common tangent plane of the contacting bodies is uniquely de ned (see, for
example, Glocker 1995; Meitinger 1998). This includes, for example, the contact of
a smooth surface and a corner, but not the corner{corner problem, the structure of
which is being treated in a forthcoming paper.

We consider a non-moving strictly convex rigid body and choose a body- xed
point P as the point of reference. The surface § of the body is assumed to be
smooth and given in a regular parametric form with displacements ½( ¹ 1; ¹ 2) relative
to P ( gure 2a). The trihedral (t1; t2; n) at point ½( ¹ 1; ¹ 2) of the surface is obtained
via

t1 :=
@½

@¹ 1
; t2 :=

@½

@¹ 2
; n :=

t1 t2

jt1 t2j
; (2.1)

where we agree that ( ¹ 1; ¹ 2) are arranged such that the unit vector n becomes the
outward normal. In the following, the Einstein summation convention is used with
greek indices running from 1 to 2. In order to derive the di¬erential dn, we use
Weingarten’s formula,

@n

@¹ ¬
= g ®  b ¬ t ® ; (2.2)

where g ¬  and b¬  are the coordinates of the  rst and the second fundamental form,

ds2 = g ¬  d ¹ ¬ d ¹  ; dnT d½ = b¬  d ¹ ¬ d ¹  ; (2.3)
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and g ¬  g ® = ¯ ¬
® . The di¬erential dn is now obtained from (2.2) and becomes

dn =
@n

@¹ ¬
d ¹ ¬ = c ®

¬ t ® d ¹ ¬ with c ®
¬ := g ®  b ¬ : (2.4)

It will be used to describe the temporal changes of the normal n relative to an
inertially  xed environment when motion of the body is considered.

Assume now that the body is moving with the linear velocity vP(t) of the point
of reference P and the angular velocity  (t) ( gure 2b). Further, let ¹ ¬ ( ¬ = 1; 2)
depend on time t, which makes ½ and n also change relative to the body. By Euler’s
formula for rigid-body kinematics and equations (2.1), (2.4) we obtain the absolute
changes in time _½, _n of ½, n as

_½  ½ =
@½

@¹ ¬
_¹ ¬ = t ¬

_¹ ¬ ; (2.5)

_n  n =
@n

@¹ ¬
_¹ ¬ = c ®

¬ t ®
_¹ ¬ ; (2.6)

where the right-hand members of both equations express the changes of ½ and n
relative to the body. Further, we denote by vC the velocity of the body- xed point
C with displacements ½ relative to P. Employing the rigid-body velocity formula,

vC vP =  ½; (2.7)

we may  nally rewrite equation (2.5) as

_½ = vC vP + t ¬
_¹ ¬ (2.8)

and note that _½ di¬ers from vC vP only in the tangential terms.
Within the presented framework one is able to derive the main equations of contact

kinematics for frictionless collisions which are the de nition of the contact points,
their gap function and their normal relative velocity. For this we consider two rigid
bodies, referenced by at most right lower indices 1 and 2 as depicted in  gure 3, and
perform the following construction: we introduce a distance vector,

r D := (r2 + ½2) (r1 + ½1); (2.9)

where ri (i = 1; 2) denote the displacements of the points of reference Pi relative to
an inertially  xed point O. Next, the two tangent planes Ti spanned by (t1i; t2i) are
adjusted parallel to each other such that the distance vector r D becomes collinear
with each of the normals ni. One particular con guration obtained in this way is
depicted in  gure 3. For this situation, the four surface parameters ·¹ ¬

i solving the
four nonlinear equations,

nT
1 t ¬ 2 = 0; tT

¬ 1r D = 0 ( ¬ = 1; 2); (2.10)

are called the contact parameters; the corresponding points at the surfaces given by
½i(·¹ ¬

i ) are called the contact points. Taking now

g := nT
1 r D (2.11)

de nes the gap function of the contact points with the following properties. When
the bodies are properly separated we obtain g > 0 with a value equal to the minimum
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Figure 3. Surface § and trihedral ( ; 1 ; 2 ).

of all distances between any point of body 1 and any point of body 2. For contacting
bodies we get g = 0. For forbidden (small) overlapping g becomes negative (g < 0),
because then r D = "n1 for some " > 0 and n1 still the outward normal of body 1 as
before. Hence, g > 0 de nes a unilateral constraint. Performing now di¬erentiation
of g in (2.11) with respect to time leads to the normal relative velocity

_g = nT
1 _r D + _nT

1 r D ; (2.12)

i.e. the velocity on which the classical impact laws are based. Equation (2.12) may
further be simpli ed. In particular, _nT

1 r D = 0 because r D = "n1 by construction
(2.10) and _n1 according to (2.6), _n1 =  1 n1 c ®

¬ 1t ® 1
_¹ ¬
1 . The remaining term

becomes with (2.9), (2.8) and _ri = vPi

nT
1 _r D = nT

1 (( _r2 + _½2) ( _r1 + _½1))

= nT
1 ((vC2

+ (t ¬
_¹ ¬ )2) (vC1

+ (t ¬
_¹ ¬ )1))

= nT
1 (vC2

vC1
); (2.13)

so that we have proved the following proposition.

Proposition 2.1. Let ½i(·¹ ¬
i (t)) denote the displacements at time t of the contact

points moving on the surfaces, and let g(t) be the gap function (2.11). Then the
normal relative velocity _g(t) coincides with

_g = nT
1 (vC2

vC1
); (2.14)

where vCi
are the absolute velocities of the rigid-body contour points Ci placed at

½i(·¹ ¬
i ) at time t.

This result is very convenient, since we do not have to deal with derivatives of
the normal and tangent vectors on the one hand, and we are able to fully apply
rigid-body velocity kinematics on the other hand.

In a  nal step we express the gap function (2.11) and the relative velocity (2.14) in
terms of the generalized coordinates q and velocities _q. At any  xed time t the linear
and angular displacements of any body within the multibody system are uniquely
determined by the values of q. With ni, t ¬ i, r D depending on ( ¹ ¬ ; q; t), the con-
tact parameters ·¹ ¬

i as the solutions of the four equations (2.10) become functions

Phil. Trans. R. Soc. Lond. A (2001)



2390 Ch. Glocker

of q and t, ·¹ ¬
i = ·¹ ¬

i (q; t). Hence, the normal n1 and the distance vector are now
n1(·¹ ¬

i (q; t); q; t) and r D (·¹ ¬
i (q; t); q; t). Thus, the gap function de ning the unilateral

constraint may now be written as

g(q; t) >0: (2.15)

Classically, any velocity in 3 is an a¯ ne function of the generalized velocities _q,
and so is the velocity of the rigid-body contour points Ci. We may thus write

vC2
= JC2

_q + ¶̂C2
; vC1

= JC1
_q + ¶̂C1

; (2.16)

where JCi
(q; t) is the Jacobian of the rigid-body contour points Ci and in ¶̂Ci

(q; t)
are considered external kinematic excitations. By putting (2.16) into (2.14) and using
the abbreviations,

wT := nT
1 (JC2

JC1
); ŵ := nT

1 (¶̂C2
¶̂C1

); (2.17)

we get the representation of the normal relative velocity that is used in the following,

_g = wT _q + ŵ: (2.18)

The terms w(q; t) 2 f and ŵ(q; t) 2 may alternatively be obtained by di¬eren-
tiation of (2.15), because

_g =
@g

@q
_q +

@g

@t
; hence

@g

@q
= wT and

@g

@t
= ŵ: (2.19)

Note  nally that ŵ vanishes for scleronomic systems, and that M¡1w is the gradient
of g at point q when t is  xed and M (q) denotes the mass matrix at q.

(b) Impact equations

After having established the equations of contact kinematics we are now going to
state the impact equations of the system. For that we consider, as in x 2 a, two bodies
with already given contact points, oriented normals ni and tangent planes Ti as
depicted in  gure 4. We start our investigations with the impact-free motion, develop
the contact model and take into account the contact forces in the classical Newton{
Euler equations. These equations are then reformulated as equalities of measures
in order to allow atomic quantities expressing velocity jumps and impulsive forces
when integration with respect to time is performed. The resulting equation balances
at each single point in time the instantaneous changes in the generalized momentum
and the impulsive generalized forces of the system if any, and is called the impact
equation.

Our contact model is based on the assumption that the force interaction of the
two bodies at the contact points is frictionless. The contact forces FCi

are therefore
collinear with the normals ni and, by the principle of interaction, of the same size
but of opposite direction, FC1

= FC2
. We may thus express FCi

as

FC1
= n1 ¶ ; FC2

= n1 ¶ ; (2.20)

where we recall that ni are normalized vectors. The multiplier ¶ is thus the scalar
value of the contact forces, which act as compressive forces when ¶ > 0 and which
re®ect tension for ¶ < 0.
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Figure 4. Normal contact forces.

Assume now a system of n rigid bodies with one contact between body 1 and
body 2. To obtain the projected Newton{Euler equations we  rst state the virtual
work ¯ W of the system, including of course the virtual work of the contact forces,

¯ W =

nX

i= 1

[ ¯ rT
S (ma S F ) + ¯ ©T(£ S ª +  £ S  M S )]i

+ ¯ rT
C1

FC1
+ ¯ rT

C2
FC2

!
= 0 8 admissible ¯ r( ); ¯ ©: (2.21)

In this expression one discovers for each body Newton’s second law

ma S F = 0

and Euler’s axiom
£S ª +  £ S  M S = 0;

where m is the mass of the corresponding body, aS the acceleration of the centre
of mass S, F the resultant of the bodies’ external forces, £ S the inertia operator
with respect to point S, ª the angular acceleration,  the angular velocity, and
M S the resultant of the bodies’ external free and induced moments with respect to
point S. Both terms are pre-multiplied by the associated virtual displacements to
get the physically correct virtual work expression, i.e. ¯ r S is a virtual translation of
the centre of mass S and ¯ © a virtual rotation of the body. The virtual work of the
contact forces is stated in the second line with ¯ rCi

the virtual translation of the
rigid-body contour point Ci, which coincides with the associated contact point; see
 gure 4. The additional condition ¯ W = 0 for all admissible ¯ r( ); ¯ © in (2.21) already
incorporates d’Alembert/Lagrange’s principle, which de¯nes the constraint forces of
perfect bilateral classical holonomic constraints such as to produce no virtual work
if the virtual displacements are chosen to be physically admissible with respect to
the geometrical restrictions imposed by these constraints. Apart from the unilateral
contact, we assume our system to have only this type of constraints. Thus, the
classical constraint forces (which might also become in nite at an impact) as part
of the external forces and moments drop out from (2.21), and only some  nite-
valued portions of

P
i(F ; M S )i remain, called the active forces of the system. Finite-

valuedness is important, because these forces and moments cannot contribute to the
impact as a consequence.
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We now express (2.21) in terms of the generalized coordinates q and their deriva-
tives _q, �q. Note that q is a set of minimal coordinates if the contact is open and
that we allow arbitrary variations ¯ q even if the contact is closed, in order to elim-
inate just the constraint forces of the classical bilateral constraints. The following
substitutions into (2.21) have to be performed:

aS i
= JS i

�q + ·¶ S i
; ¯ r S i

= JS i
¯ q; ¯ rC1

= JC1
¯ q;

ªi = JRi
�q + ·¶Ri

; ¯ ©i = JRi
¯ q; ¯ rC2

= JC2
¯ q:

¾
(2.22)

As already introduced in equation (2.16), JCi
are the Jacobians of the rigid-body

contour points Ci, JR and JS denote the Jacobians of rotation and translation of
point S of the investigated body, and ·¶ S , ·¶R are obtained from di¬erentiation of
the corresponding velocities and depend on q, _q, t. Upon substitution of (2.22) into
(2.21) we arrive at

¯ W = ¯ qT
nX

i = 1

[JT
S mJ S �q + JT

S ( ) + JT
R £S JR �q + JT

R ( )]i

+ ¯ qT(JC2
JC1

)Tn1 ¶
!
= 0 8 ¯ q: (2.23)

We set

M :=

nX

i= 1

[JT
S mJS + JT

R £ S JR]i

as the symmetric and positive de nite mass matrix,

h :=
nX

i= 1

[JT
S ( ) + JT

R ( )]i

as the vector of gyroscopical accelerations and  nite active forces, and

w := (JC2
JC1

)Tn1

as the contact generalized force direction as already introduced in (2.17), for  xed
time t, a vector in the cotangent space at point q. This leads to

M (q; t) �q h(q; _q; t) w(q; t) ¶ = 0; (2.24)

the projected Newton{Euler equations best known from classical mechanics.
Note, however, that (2.24) requires the existence of the velocities _q and the accel-

erations �q, both being meaningless for the event of an impact: we may at best speak
about the left and the right limit of the velocity at the time of impact, i.e. the
pre- and post-impact velocity, but never about the velocity at the impact itself, a
meaningless term already from the physical point of view. Similar reasons apply for
the accelerations. Thus, in (2.24) exactly the points of interest, i.e. the discontinuity
points of the velocities, are excluded, among others. One has therefore to replace
(2.24) by a more suitable formulation, which also takes into account the impacts.
This step has been done by Moreau (1988) when restating (2.24) as an equality of
measures, which provides a general framework for non-smooth rigid-body dynamics,

M (q; t) du h(q; u; t) dt w(q; t) d ¤ = 0: (2.25)
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Here, the velocities denoted by u(t) are assumed to be functions of bounded varia-
tions, admitting an at most countable number of discontinuities and a right and left
limit at every time t. The displacements q(t) are obtained from integration of u(t)
and become thus absolutely continuous with _q(t) = u(t) almost everywhere. The
probably `in nite values’ of the `accelerations �q and the force ¶ at the impact’ are
taken into account by the di¬erential measure du of u and by the force measure d ¤ .
Note that d ¤ > 0 implies ¤ 0 > 0 for the density of d ¤ with respect to any positive
measure d · , d ¤ = ¤ 0 d · . In particular, if one takes the Lebesgue measure dt associ-
ated with an interval in time, then d ¤ = ¶ dt with ¶ > 0 the non-negative contact
force, and if the Dirac point measure d ² is chosen, then d ¤ = ¤ d ² , where ¤ > 0
then denotes the compressive impulsive force acting at some single point in time. In
order to now obtain the impact equations we integrate (2.25) over a singleton ft0g
and denote q0 := q(t0). This yields

0 =

Z

ft0g
(M (q; t) du h(q; u; t) dt w(q; t) d ¤ )

= M (q0; t0)

Z

ft0g
du h(q0; u0; t0)

Z

ft0g
dt w(q0; t0)

Z

ft0g
d ¤

= M (q0; t0)(u + (t0) u¡(t0)) w(q0; t0) ¤ (t0); (2.26)

where M , h and w as only functions of q, u and t are constant at t0 and do
not a¬ect integration,

R
t0

du = u+ (t0) u¡ (t0) by the property of the di¬erential
measure,

R
t0

dt = 0 because the Lebesgue measure is non-atomic, and
R

t0
d ¤ =: ¤ (t0)

de nes the value of the impulsive force at t0. Note in particular that u at time t0

is required in h. Although unde ned, this does not cause any problem. One may
take any ( nite) value u0, because this choice is immaterial and does not a¬ect the
Lebesgue measure dt. The resulting expression in (2.26) is called the impact equation
of the system.

Let us brie®y return to the representation of the normal relative velocity in (2.18).
For the same reasons as for _q we choose another symbol for _g, say ® , in order
to express that we are looking for a bounded variation function ® (t) with possible
discontinuities re®ecting the impact. For time t0 we then obtain ® + and ® ¡ induced
by u + and u¡ as

® + (t0) = wT(q0; t0)u + (t0) + ŵ(q0; t0);

® ¡(t0) = wT(q0; t0)u¡(t0) + ŵ(q0; t0);

)
(2.27)

which de ne the normal relative velocities after and before the impact.
In order to shorten notation we will write the impact equation (2.26) and the post-

and pre-impact normal relative velocities (2.27) in the following as

M (u+ u¡) = w ¤ ; ® § = wTu§ + ŵ: (2.28)

Note that the same vector w occurs in the impact equations and the normal relative
velocity. This must not be taken for granted in general, because we have used di¬er-
ent concepts to state these formulae: a purely geometrical approach for the de nition
of the contact kinematics magnitudes, which include the normal relative velocity, and
some physical imagination to determine the point and the direction of interaction
of the contact forces. Only within our idealized framework do both terms coincide.
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There is more to keep in mind and to carefully check when modelling impact phe-
nomena: under the assumption of absolute continuous displacements q(t) and the
existence of the generalized force direction w(q; t) as the di¬erential of smooth con-
straints, it is clear that neither q nor w may vary during the impact when it is
condensed to a singleton t0 as in our approach. This fact is seen in the second line of
equation (2.26) when w has been taken in front of the integral. In reality, the dura-
tion of the impact extends to a small but non-vanishing time-interval, accompanied
by high contact stresses which may cause non-negligible deformations of the contact
zone and, as a consequence, a resultant mean contact force direction which may
deviate considerably from the assumed ideal direction w. There are other kinds of
constraints for which di¬erentiability fails, for example submanifolds that are pasted
together such that corners and edges appear. Velocity jumps may then be induced by
instantaneous changes in the associated di¬erentials w, primarily not related to any
kind of collisions; see, for instance, the example discussed in Glocker (1999). Further,
the  nite forces and gyroscopical accelerations contained in h dt may also contribute
to a small extent to the impact. This e¬ect may be numerically taken into account
in a most sophisticated and consistent manner when some estimate of the impact
duration is available, which is then used as the step width to pass the impact. Time-
stepping algorithms, as described by Moreau (1988, 1999), Jean & Moreau (1992),
Paoli & Schatzman (1999a), Anitescu et al . (1999) and Stewart & Trinkle (1996),
are by nature excellently suited to perform this task.

(c) Impact laws

Equation (2.28) does not yet completely describe the impact, because the impact
laws are still missing. In this section we review two di¬erent concepts obtained from
Newton’s impact law (1.1) and Poisson’s impact law (1.2) by a proper reformulation
as inequalities. For completeness we also take into account the trivial case of an open
contact at which no impulsive force can occur, i.e.

M(u + u¡) = 0 if g > 0 (2.29)

obtained from the  rst equation in (2.28) for ¤ = 0. This result applies for both
impact concepts and is required when the geometrical meaning of the impact laws
is investigated. Note that in this case u + = u¡ , i.e. no velocity jump.

Let us now state the unilateral version of Newton’s impact law for a closed contact
(g = 0). The complete set of equations is

M (u + u¡) = w ¤ ; ® § = wTu§ + ŵ;

® + + "® ¡ >0; ¤ >0; ( ® + + "® ¡) ¤ = 0;

)
if g = 0; (2.30)

with the  rst line taken from (2.28) and the second line incorporating the following
physical behaviour. The impulsive force, if there is any, should act as a compressive
magnitude, ¤ >0. In the case of a non-vanishing impulse ( ¤ > 0) we apply Newton’s
impact law as usual, i.e. ® + = "® ¡ , which is expressed by the third condition in
the second line in (2.30). The magnitude " denotes Newton’s coē cient of restitution
with the usual values 0 6 " 6 1. The case " = 0 corresponds to a completely
inelastic impact with vanishing post-impact relative velocity ( ® + = 0), whereas " = 1
represents a completely elastic impact at which the relative velocity ® is inverted
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Figure 5. Newton’s impact law.

( ® + = ® ¡ ). Suppose now that, for any reason, the contact does not participate in
the impact, i.e. that the value of the impulsive force is zero, although the contact is
closed. This happens normally for multi-contact situations as explained in the next
section. For this case we allow post-impact relative velocities higher than prescribed
by Newton’s impact law in the case of a non-vanishing impulse, ® + > "® ¡ , in order
to express that the contact is super®uous and could be removed without changing
the contact-impact process. The graph of Newton’s impact law in inequality form is
depicted in  gure 5 and is a unilateral primitive moved horizontally and expressed
by the complementarity conditions ¤ >0, ¹ >0, ¤ ¹ = 0 with ¹ = ® + + "® ¡ .

Poisson’s impact law requires a decomposition of the impact process into two
succeeding phases, the phase of compression and the phase of decompression, and
was  rst formulated as an inequality law by Glocker & Pfei¬er (1995). These two
phases describing the impact process work as follows.

Compression starts with the pre-impact velocities, which are denoted by upper
indices as before, and terminates with a velocity state indicated by upper indices .
The impulsive force acting at compression is denoted by ¤ (¡). The end of compression
is de ned by the demand that the approaching process ( ® < 0) of the bodies has
to be  nished, thus ® ¯ > 0. We take, as before, ¤ (¡) >0 to ensure the compressive
character of the impulsive force, and propose complementary behaviour of ® ¯ and
¤ (¡). This yields the equations for the compression phase,

M (u¯ u¡) = w ¤ (¡); ® ¡̄ = wTu¡̄ + ŵ;

® ¯ >0; ¤ (¡) >0; ® ¯ ¤ (¡) = 0;

)
if g = 0; (2.31)

where we recognize that compression corresponds to a Newtonian inelastic impact,
i.e. (2.30) applies with " = 0. The graph of the impact law for compression is depicted
in  gure 6b and constitutes a unilateral primitive expressed by the complementarities
in the second line of (2.31).

Decompression starts with the velocity state at the end of compression (upper
index ) and terminates with the post-impact velocities (upper index +). The impulse
at decompression is denoted by ¤ (+ ) and is determined by a modi ed Poisson hypoth-
esis, which originally is (1.2), ¤ ( + ) = "¤ (¡). In order to get a complete description
of the impact process, even this relation has to be written in a unilateral manner,
in particular with respect to multi-contact con gurations as presented in the next
section. After the impact phase has terminated, the relative velocity ® must show
non-negative values. We therefore demand ® + > 0. If the original Poisson impulse
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Figure 6. Poisson’s impact law: compression and decompression.

¤ ( + ) from (1.2) is too small to ensure this, it must be enlarged enough such that
at least ® + = 0 can be satis ed. We thus allow ¤ ( + ) >"¤ (¡) and propose to set
® + = 0 whenever ¤ ( + ) > "¤ (¡). On the other hand, if ¤ ( + ) from (1.2) is high enough
to admit separation we allow any value ® + >0. This behaviour can be expressed by
the impact law,

M (u+ u¯) = w ¤ ( + ); ® ¯
+

= wTu¯
+

+ ŵ;

® + >0; ¤ ( + ) "¤ (¡) >0; ® + ( ¤ (+ ) "¤ (¡)) = 0;

)
if g = 0; (2.32)

which corresponds to a shifting of the compression impact characteristic as depicted
in  gure 6b. Here, " denotes Poisson’s coe¯ cient of restitution. The impact terminates
already after compression when " = 0 in the sense that decompression does not alter
the post-compression velocity u¯. For the case " = 1 (and one single contact, of
course), an impulse of the same magnitude as at compression is applied, leading
 nally again to an inversion of the relative velocity. For " > 0, the overall value of
Poisson’s impulsive force ¤ (¡) + ¤ ( + ) satis es by (2.31) and (2.30) the inequality
¤ >0, as for the Newtonian impact (2.30), and thus ensures, again, its compressive
character.

3. Multi-contact con¯gurations

Multi-contact con gurations are, indeed, one of the standard problems in the dynam-
ics of machines. It is thus necessary to extend the present approach to the case of
several simple unilateral constraints that appear as a consequence of contacting bod-
ies. We allow single contacts between di¬erent bodies, which allows that one body
may have several contact partners, but we also allow several contacts at the same
contacting couple. The impact equations in x 2 c are already stated in a form suitable
for superposition. We assume a total of m simple unilateral constraints gi(q; t) > 0
de ning, for any  xed time t, the feasible displacements C , and denote by H the
active set at a probable impact event (q0; t0),

C := fq j gi(q; t) >0; i = 1; : : : ; mg; H := fi j gi(q0; t0) = 0g: (3.1)

Newton’s impact equations for a multi-contact con guration then read

M (u + u¡ ) =
X

i2 H
wi ¤ i; ® §

i = wT
i u§ + ŵi

® +
i

+ "i ®
¡
i >0; ¤ i >0; ( ® +

i
+ "i ®

¡
i ) ¤ i = 0

9
=

; (i 2 H); (3.2)
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which take into account (2.29) and (2.30) for any of the m individual contacts. In
the same manner Poisson’s impact equations (2.29), (2.31), (2.32) are rewritten for
compression and decompression as

M (u¯ u¡ ) =
X

i2 H
wi ¤

(¡)
i ; ® ¡̄

i = wT
i u¡̄ + ŵi

® ¯
i >0; ¤

(¡)
i >0; ® ¯

i ¤
(¡)
i = 0

9
>=

>;
(i 2 H); (3.3)

M(u + u¯) =
X

i2 H
wi ¤

(+ )
i ; ® ¯

+

i = wT
i u¯

+
+ ŵi

® +
i >0; ¤

( + )
i "i ¤

(¡)
i >0; ® +

i ( ¤
(+ )
i "i ¤

(¡)
i ) = 0

9
>=

>;
(i 2 H): (3.4)

It is not di¯ cult to show that these sets of equations and inequalities can be rewrit-
ten as a linear complementarity problem in standard form, providing the Karush{
Kuhn{Tucker conditions of associated strictly convex quadratic programs with a¯ ne
inequality constraints; see, for example, Glocker (1995) as one out of many references
in which this step is performed.

This extension to multi-contact problems must not be taken without a critical
study of the physical impact process. Impacts are complicated, highly dynamic pro-
cesses which a¬ect the entire structure under investigation. The rigid-body approach
presented here is, of course, only a very rough approximation, which may totally
fail if naively applied to any physical impact problem. There are, however, dozens of
application problems for which this approach yields excellent results; further, it may
help to gain fruitful structural knowledge, leading to a much better understanding of
the impact process itself. In the following some questions concerning the modelling
of impacts are discussed in order to enlighten further the range of validity of the
rigid-body impact model.

(a) On di® erences between Newton’s and Poisson’s impact laws

It can be shown that Newton’s and Poisson’s impact laws are equivalent for fric-
tionless impacts if all coē cients of restitution are equal to each other. Already for
a frictionless two-point-contact problem di¬erent solutions are obtained when the
impact laws are applied with restitution coe¯ cients which do not coincide; see, for
instance, the examples in Pfei¬er & Glocker (1996). For impacts with friction, one
contact point is already su¯ cient to demonstrate signi cant di¬erences in the results.

Consider a rigid impact pendulum, as in  gure 7, which is dropped from a hori-
zontal position (’ = 90¯) to hit the surface at an angle ’ = ¬ . Suppose a coe¯ cient
of restitution " = 1 and apply  rst Newton’s impact law (2.30). Regardless of the
values of the normal impulse ¤ the  rst inequality in the second line of (2.30) states
that ® + > ® ¡ and hence _’ + > _’¡ , because ’ and g are one-to-one in this exam-
ple. Denote by £ the moment of inertia of the rod with respect to its supported
endpoint. The kinetic energy T = 1

2
£ _’2 of the system then obeys T + > T ¡ at the

impact. Of course, equality holds in our case because ¤ > 0 and ® + = ® ¡ by the
complementarity law. The key result in T + > T ¡ , however, is that no dissipation
can be realized in the system at the impact as soon as Newton’s law has been chosen
as above. In particular, a tangential impulsive force ¢ taking into account friction
could never a¬ect this behaviour, independent of how strong it would be. Better
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Figure 7. Impact pendulum with friction.

results are obtained when applying Poisson’s law (" = 1) combined with Coulomb
friction, which was done for the two plots on the right of  gure 6 (see, for example,
Glocker 1995). For a steep contact angle ( ¬ = 30¯), the pendulum hits the surface
only once and then remains in contact. For ®at contact angles ( ¬ = 80¯), one observes
a dissipative impact sequence similar to the behaviour of partly elastic frictionless
impacts.

The main di¬erence between the two impact laws consists in the fact that the
coe¯ cient of restitution is de ned as a kinematic magnitude in Newton’s law but as
a term based on the relation of impulses in Poisson’s law,  nally a kinetic magnitude.
Impacts modelled by Newton’s law thus terminate under a kinematic hypothesis and
so the compression phase of Poisson’s impact law, whereas decompression is deter-
mined by a kinetic condition. Newton’s impact law does not require an additional
decomposition of the impact into two phases and is always energetically consistent,
which can be easily seen from (3.2) for systems without external excitation (ŵi = 0
8i 2 H): denote by T § the kinetic energy 1

2
u§ T Mu§ before and after the impact

and assume for all coē cients of restitution 0 6"i 61. Then

2(T + T ¡) = u + T Mu+ u¡T Mu¡

= (u + + u¡ )TM(u + u¡)

=
X

i2 H
( ® +

i
+ ® ¡

i ) ¤ i

=
X

i2 H
( ® +

i + "i ®
¡
i ) ¤ i +

X

i2 H
( ® ¡

i "i ®
¡
i ) ¤ i

=
X

i2 H

(1 "i) ®
¡
i ¤ i

60 as long as ® ¡
i 60 8i 2 H; (3.5)

by (3.2). Note that non-positive pre-impact relative velocities have to be assumed to
ensure this result! For highly constrained systems with Coulomb friction as in the
example above, however, Poisson’s impact rule may provide more reasonable results
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than Newton’s law. On the other hand, energetic consistency may fail when the
coe¯ cients of restitution of the impacting contacts are chosen not to be equal to each
other. It may also be di¯ cult to de ne the phases of compression and decompression
for impacts not related to collisions, such as systems that are externally driven by
impulsive force excitation.

At this point, the question about a `general’ impact law that is able to incorpo-
rate any imaginable physical behaviour may turn up. One must be aware that the
physical impact process is never computed by applying impact laws in rigid-body
dynamics. These impact laws just carry the information needed on how to distribute
the impulsive forces among the generalized inertias of the system but no more; a task
already beyond modelling in 3 and complicated enough. They never can contain
the full information about the physical impact process, an extremely complicated
and highly dynamic event extending over the entire system and taking place within
a very short interval in time. The impact laws used in multibody dynamics have thus
to be understood just as a rough approximation and have to be designed as needed.
There are di¬erent reasonable impact models depending on what there is to do, and
one has to select the most appropriate approach. In the author’s opinion, impacts in
multibody dynamics have to be modelled, and this cannot be done without a detailed
understanding of the physical impact process itself.

(b) On the meaning of the restitution coe± cient for single impacts

It is well known and veri ed by many experiments that the restitution coe¯ cient
depends on the material properties of the impacting bodies. However, it must not be
regarded as a material constant, at least not within the framework of  nite-degree-
of-freedom dynamics. It rather acts as a parameter comprising material properties
and the level of discretization chosen for the system to be investigated. Even for a
single-contact problem di¬erent choices of " depending on the discretization scheme
may be necessary to get the same global behaviour, as the following example shows.

Consider a slightly ®exible rod which impacts with an obstacle as depicted in
 gure 8. The task is to compute some good approximation of the rigid-body motion
after the impact. One might use a model for which the rod is assumed to be perfectly
rigid,

Mr(u
+
r u¡

r ) = wr ¤ r; ® §
r = wT

r u§
r + ŵr; (3.6)

and apply Newton’s impact law (2.30) on (3.6) with some coe¯ cient of restitution
"r. Alternatively, the model can be re ned by taking into account the elasticity of
the bar. This yields after discretization a set of equations of the form,

µ
Mr ?
? Mf

¶ µ
u +

r u¡
r

u +
f u¡

f

¶
=

µ
wr

wf

¶
¤ h ; ® §

h =

µ
wr

wf

¶T µ
u§

r

u§
f

¶
+ ŵ h ; (3.7)

where the superscripts `r’ and `f’ denote the rigid-body portions from (3.6) and terms
related to ®exibility, respectively. Note that both models, (3.6) and (3.7), represent
alternative formulations of the one-contact impact event sketched in  gure 8. To
obtain now from both approaches the same rigid-body post-impact velocity u+

r , one
must in general expect neither the relative velocities ® +

r and ® +
h

of the rigid and
the hybrid model, nor the related restitution coe¯ cients "r, "h to be the same. In
the hybrid model the impulsive generalized force a¬ects both the motion associated
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Figure 8. Impact of an elastic rod.

with the rigid body and the elastic coordinates, and causes for the latter some  ne
structural vibrations. These vibrations are clearly not contained in the rigid-body
model (3.6). Their e¬ect on the macroscopic rigid-body motion must be regarded
as the result of a mechanism of (internal) dissipation and can only be taken into
account by reducing the coē cient of restitution. Thus,

"r 6" h (3.8)

has to be expected to obtain the same macroscopic rigid-body motion. Moreover, even
if a suitable "r in (3.8) has been determined for a certain impact con guration, it
need not necessarily be constant but it may vary with the displacements at which the
impact takes place. For our example it is absolutely clear from physical imagination
that di¬erent values of "r have to be expected when the rod is hit at di¬erent points,
say at a node or an antinode of its  rst bending eigenform.

Such behaviour has been observed experimentally by Stoianovici & Hurmuzlu
(1996) for an inclined bar that is dropped to hit a horizontal surface and has also
been con rmed by the numerical results of Paoli & Schatzman (1999b), for which the
elasticity of the bar was taken into account by a lumped mass model. The method in
any impact modelling is always the same: to look for a suitable discretization of the
impacting bodies, for example,  ne enough so that the coe¯ cients of restitution can
be regarded as constant for a speci¯c question or problem that has to be investigated.

(c) The bene¯t of inequalities

We deal, of course, with unilateral constraints and unilateral constraints are des-
cribed by inequalities. Nevertheless, one might question the legitimacy of using
inequalities in the impact laws and seek a simpler representation avoiding them.
This may work well practically for a single (frictionless) collision, since then a non-
vanishing impulsive force can be presupposed, turning the inequality laws into equal-
ities.

For multi-contact problems, however, it is in general not possible to state such
an a priori assumption, because con gurations may turn up at which no impulses
are transferred at the contacts, although they are or have just been closed. There
are two di¬erent classes of multi-contact impact problems which usually occur in
combination and which we illustrate by an example each. More examples of that
kind may be found in Pfei¬er & Glocker (1996).

The  rst class is characterized by the event that several contacts close at the same
time, such as the rigid rod which impacts with two obstacles as depicted in  gure 9.
This situation, although commonly thought to occur with zero probability (which has
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Figure 9. Impact of a rod against two obstacles.
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Figure 10. The rocking rod.

to be further speci ed, because this is not really true for general situations as shown
by an example of Ballard (2000)), cannot be avoided from the computational point of
view and must be expected to turn up due to time discretization when many contacts
are present. Note that it depends on the displacements of the obstacles relative to
the rod whether impulses are transferred or not. When the obstacles are arranged on
di¬erent sides of the rod’s centre of mass, one has ¤ > 0 for both contacts and thus,
for a completely inelastic impact (" = 0) vanishing post-impact velocities ® + = 0.
This situation is depicted in  gure 9b. In  gure 9a both obstacles lie on the right-
hand side of the rod. Here, the right obstacle does not participate in the impact and
could be removed without changing the impact process. No impulse is transferred,
and the associated relative velocity is greater than zero although " = 0 has been
chosen. This is due to the impulse acting from the left obstacle on the rod, which
makes the rod also turn. Thus, the rod remains in contact with the left obstacle after
the impact, but rotates counterclockwise and separates from the right obstacle.

The second class concerns impact problems at which impulsive forces at closed
contacts or even separation processes are induced by other collisions. Both events
may be seen from the example of a rocking rod (" = 0) in  gure 10. For small

values of the distance between the obstacles (a < l=
p

3) the rod is rocking by an
alternate turning around the two contact points ( gure 10a). A collision with one
of the obstacles causes an instantaneous detachment at the other contact with no
impulse being transferred there. Note that completely inelastic impacts (" = 0) at
both contacts are assumed, leading to a loss of kinetic energy after each impact
and  nally, when the in nite impact sequence has been passed, to a state where the
rod rests on both obstacles. In  gure 10b the distance between the two obstacles
is chosen large enough (a > l=

p
3) to admit a compressive impulse ¤ > 0 at both

contacts, produced by the single collision of the rod against the left obstacle. Due to
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completely inelastic behaviour (" = 0) the rod stops turning immediately after this

very  rst impact and is never moving again. The critical value a = l=
p

3 at which
rocking changes to a single impact corresponds to the situation where the generalized
force directions w associated with the two contact points become orthogonal with
respect to the inner product on the cotangent space at the displacements of impact.

(d ) On taking into account wave e® ects in rigid-body models

In this section we will  nally discuss the meaning of the multi-contact impact
laws (3.2){(3.4), which were obtained by superposition of (2.30){(2.32). The physical
assumption made in this step is that the overall impact process can be described by k
local impact laws of the form (2.30){(2.32) when k denotes the number of elements in
H, each of them associated with one single closed contact. In reality the impact takes
place within some  nite but short interval in time in which a highly dynamic process
extends over the entire system. An accurate model requires at least the elasticity of
each of the participating bodies in order to take into account the wave propagation
process initiated by the collision. When this process is condensed to an event taking
place at a single instant in time, such as in the rigid-body approach or even in any
 nite-dimensional problem obtained by a discretization of the continuum, one must
not expect the structure of equations (3.2){(3.4) to be already general enough to
carry the whole physical information needed for computing reasonable approximates
of the post-impact velocities. Only the local impulse transfer as depicted in  gure 11
is taken into account, but not the indirect interactions of non-neighbouring bodies
in 3 caused by travelling waves.

In order to extend the multi-contact problem to phenomena of this type, one allows
contact i to interact directly with contact j, which is the main idea of Fŕemond (1995),
and which might be considered in Newton’s impact law (3.2) in the form,

M (u + u¡) =
X

i2 H
wi ¤ i; ® §

i = wT
i u§ + ŵi

® +
i

+
X

j 2 H
"ij ® ¡

j >0; ¤ i >0;

µ
® +

i
+

X

j 2 H
"ij ® ¡

j

¶
¤ i = 0

9
>>>=

>>>;
(i 2 H): (3.9)

This seems also to be the only way to treat such phenomena without an additional
decomposition of the impact process into sequential subevents. There are still open
questions related to this approach, for example, the conditions under which the
restitution coe¯ cients "ij can be regarded as constant or how energetic consistency
can be assured. We refer in particular to Fŕemond (1995), in which an impact theory
is presented satisfying the second law of thermodynamics and thus being always
energetically consistent.

The classical mechanical impact theory comprises only impact events for which
wave e¬ects can be neglected. This situation is expressed in (3.9) when "ij = 0 for
i 6= j. For general impact events one has to accept a total of k2 coe¯ cients "ij, for
which not even symmetry can be presupposed ("ij 6= "ji). For practical applications,
however, it is expected that many of these coē cients are equal to zero, in particular
for problems in machine dynamics. This is due to several mechanisms which can
weaken or brake the wave propagation process such as internal structural damping,
crooked shapes of the bodies, or grease and wear at the contacts. Another source is the
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Figure 11. Impacts with wave e® ects.

speci c design of the joints which can normally not be realized without lubrication,
clearance or micro-slip phenomena. The overall restitution matrix ("ij) will therefore
in many cases degenerate to a matrix with block structure and, in the ideal case of
the mechanical impact theory, to a diagonal. The latter is indeed of practical interest
as many practical applications show (Pfei¬er & Glocker 1996).

Let us  nally mention the important special case ("ij) = 0 of maximal instanta-
neous dissipation. Such contact behaviour is called soft by Moreau (1988) and should
be imagined in exactly this way: by making the contacts softer and softer in the sense
that more and more energy is dissipated at the impact, this behaviour is observed in
the limit. Soft contacts therefore show some kind of collection property with respect
to the post-impact velocities: if systems with the same impact con gurations and
inertia properties but with di¬erent geometrical shape and a di¬erent behaviour of
dissipation at the impact are changed to corresponding systems with contact softness,
then the former (probably di¬erent) post-impact velocities will become the same.

4. Conclusion

In this paper we have presented today’s approach to frictionless collisions in rigid-
body systems. In principle there are two di¬erent methods: the  rst is based on a
kinematic assumption and called the Newtonian impact law; the second is based on
an impulse ratio and usually understood as Poisson’s law. Both approaches coincide
under certain conditions. Extensions of the mechanical impact theory to systems
with wave e¬ects have brie®y been reviewed, as well as the bene t of inequality laws
and the meaning of the coē cient of restitution with respect to material properties
and the depth of modelling and discretization. Although clearly originating in the
collision problem of rigid bodies under simple unilateral constraints, the methods
presented must be looked upon as a theoretical framework useful for many impact
problems in general  nite-degree-of-freedom dynamics. Most of the ideas carried out
and collected together in this paper, however, have their roots in the article written
by Moreau (1988).
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