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1 SUMMARY
The paper treats a class of reflection and orthogonal projection problems in finite-degree-of-
freedom dynamics, originating from the frictionless collision problem of rigid bodies with ex-
ternal kinematic excitation. One special case is obtained when the restitution coefficients of all
contacts are equal to each other, called an impact with global dissipation index. A geometric
interpretation of this class of impacts is presented, providing access to the non-convex case
of re-entrant corners. The methods used are based on the geometry of cones and variational
calculus. The main construction of the impact law for the convex case is done by the unique
orthogonal decomposition of the pre-impact velocity with respect to the translates of two or-
thogonal closed convex cones in the tangent space of the differential manifold, one of them
approximating the non-smooth boundary of the admissible domain in some neighborhood of
the point of impact.

2 NEWTONIAN IMPACTS IN LOCAL COORDINATES
In this section we state the multi-contact impact equations of a unilaterally constrained mechan-
ical system in local coordinates by using Newton’s impact law in inequality form. A general
framework for non-smoothf -dimensional rigid body dynamics under possible velocity jumps
is provided by the measure equality of Moreau [1] that replaces the generalized Newton-Euler
equations from classical dynamics,

M(q, t)du−h(q,u, t)dt = dR. (1)

Time is denoted byt, u(t) are functions of bounded variations that represent the generalized
velocities of the system, du is the differential measure ofu, andq(t) are the absolutely con-
tinuous displacements obtained from integration ofu(t). For a detailed discussion see Moreau
[2]. Furthermore,M(q, t) is the symmetric and positive definite mass matrix, and inh(q,u, t)
are collected the gyroscopic accelerations consisting of the Christoffel symbols and all the finite
forces acting on the system. Forces that might become impulsive are expressed as measures and
are contained in the right-hand side dR.

We impose on the system m simple rheonomic unilateral constraints of the form

gi(q, t)≥ 0, wT
i (q, t) :=

∂gi

∂q
, ŵi :=

∂gi

∂t
(i = 1, . . . ,m) (2)
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that define the moving setC (t) of admissible displacementsq(t),

C (t) := {q(t) |gi(q(t), t)≥ 0, i = 1, . . . ,m}. (3)

We further set

γi(q, t;u) := wT
i (q, t)u+ ŵi(q, t)

dR := ∑m
i=1wi(q, t)dΛi

(i = 1, . . . ,m) (4)

to obtain the velocitiesγi(t) (γi(t) = ġi(t) almost everywhere) under which the different faces of
the boundary ofC (t) are approached, and to define the directionswi of possible impulsive scalar
reactions expressed by the Lagrangian multipliers dΛi . For collision problemsγi represents the
relative velocity of two colliding bodies normal to the common plane of contact, andΛi is the
corresponding impulsive normal force [3-5].

In order to obtain now the impact equations we integrate (1) over a singleton{t0} and denote
q0 := q(t0). This yields, together with (4)

M(q0, t0)(u+(t0)−u−(t0)) = R(t0)

γ±i (q0, t0;u±(t0)) = wT
i (q0, t0)u±(t0)+ ŵi(q0, t0)

R(t0) = ∑m
i=1wi(q0, t0)Λi(t0).

(i = 1, . . . ,m) (5)

This set of equations does not yet completely describe the impact, because the impact laws
are still missing. We adapt Newton’s original kinematic impact law to multi-contact system by
rewriting it as an inequality law [6]

for gi(q0, t0) > 0 : Λi = 0
for gi(q0, t0) = 0 : (γ+

i + εiγ−i )≥ 0, Λi ≥ 0, (γ+
i + εiγ−i )Λi = 0

(6)

with the following meaning: For an open (passive) constraint (gi > 0) there is no reaction at all
(Λi = 0). Closed (active) constraints are treated by inequality conditions on the relative velocity
and the impulsive force. The impulsive force, if there is any, should act as a compressive
magnitude,Λi ≥ 0. In the case of a non-vanishing impulse (Λi > 0) we apply Newton’s impact
law as usual, i.e. the relative velocityγi is “inverted” according to the classical ruleγ+

i =−εiγ−i ,
which is expressed by the third condition in the second line in (6). The magnitudeεi denotes
Newton’s coefficient of restitution with the usual values 0≤ εi ≤ 1. The caseεi = 0 corresponds
to a completely inelastic impact with vanishing post-impact relative velocity (γ+

i = 0) and may
later be recognized to be a projection, whereasεi = 1 represents a completely elastic impact
at which the relative velocityγi is inverted (γ+

i = −γ−i ) to be later interpreted as a reflection.
Suppose now that, for any reason, the contact doesnot participate in the impact, i.e. that the
value of the impulsive force is zero, although the contact is closed. For this case we allow post-
impact relative velocitieshigher than what is prescribed by Newton’s impact law in the case of
a non-vanishing impulse,γ+

i ≥ −εiγ−i , in order to express that the contact is superfluous and
could be removed without changing the impact process.

Equations (5), (6) completely describe the impact. In the following discussions we will restrict
ourselves to the case that all coefficients of restitution are equal to each other (ε := ε1 = . . . =
εm), defining theimpact with global dissipation index. In order to shorten notation we denote
by H the active set of constraints at a probable impact event(q0, t0),

H := { i |gi(q0, t0) = 0} (7)
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and omit from now dependencies onq0, t0. Equations (5), (6) may thus be written as

M(u+−u−) = R

γ±i = wT
i u±+ ŵi , R = ∑i∈H wiΛi

(γ+
i + εγ−i )≥ 0, Λi ≥ 0, (γ+

i + εγ−i )Λi = 0,

(8)

and express a Newtonian impact with global dissipation index by using local velocity coordi-
natesγi .

3 NEWTONIAN IMPACTS IN GLOBAL COORDINATES
In this section a representation of the Newtonian impact equations (8) in terms of global velocity
coordinates is derived which will later be used to investigate the geometric meaning of the
impact. In the following the local termsγi andΛi are eliminated from (8). We first set

ξi := 1
1+ε (γ+

i + εγ−i ) = wT
i ( 1

1+ε u+ + ε
1+ε u−)+ ŵi =: wT

i v+ ŵi (9)

and rewrite (8) as

M(u+−u−) = R, v = 1
1+ε u+ + ε

1+ε u−

ξi = wT
i v+ ŵi , R = ∑i∈H wiΛi ,

ξi ≥ 0, Λi ≥ 0, ξiΛi = 0.

(i ∈H ) (10)

We are now going to reformulate the complementarity conditions of the third line of (10). We
start by writing them as a variational inequality,

−∑i∈H Λi(ξ?
i −ξi)≤ 0, ξi ≥ 0, ∀ξ?

i ≥ 0 (i ∈H ), (11)

and continue by expressing the two inequalitiesξi ≥ 0 and∀ξ?
i ≥ 0 again in variational form,

ξi ≥ 0, i ∈H ⇔ ξi such that−∑ j∈H α jξ j ≤ 0 ∀α j ≥ 0,

∀ξ?
i ≥ 0, i ∈H ⇔ ∀ξ?

i such that−∑ j∈H α jξ?
j ≤ 0 ∀α j ≥ 0.

(12)

Next, regard the variationsξ?
i as affine functions of some velocity variationsv? ∈ R f and make

use of the kinematic equation in (10)

ξ?
i := wT

i v? + ŵi , ξi = wT
i v+ ŵi (13)

to eliminateξi andξ?
i from (11) and (12). The first inequality in (11) then becomes

−∑i∈H Λi wT
i (v?−v)≤ 0, (14)

and can be rewritten by the definition ofR in (10) as

−RT(v?−v)≤ 0, (15)

where(v?− v) constitutes thevirtual velocitiesat the impact. The conditions (12) onξi and
ξ?

i are now replaced by corresponding conditions onv andv?. For that, denote byb a solution
of the linear system of equations−wT

j b = ŵ j ( j ∈ H ) which exists for linearly independent
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Figure 1: Normal and tangent cone for simple unilateral constraints.

{wi}, but also for linearly dependent{wi} when the kinematics of the system has been prop-
erly formulated. With such ab and (13) substituted into (12), the right-hand members of (12)
expressed in terms ofv andv? become

v such that −∑ j∈H α jwT
j (v−b)≤ 0 ∀α j ≥ 0,

∀v? such that −∑ j∈H α jwT
j (v

?−b)≤ 0 ∀α j ≥ 0.
(16)

Now we take into account that, for fixed timet0, thenormal coneNC (q0) to the set of admissible
displacementsC at the point of impactq0 is positively generated by the differentialswT

j of the
constraintsg j ,

NC (q0) = { r | r =−∑ j∈H α j w j , α j ≥ 0}. (17)

It therefore constitutes a closed convex cone in the cotangent space atq0 of the breathing con-
figuration manifold. Its polarTC (q0) defined via the inequality on the duality pairing as

TC (q0) = {y | rT y≤ 0 ∀r ∈NC (q0)}, (18)

is thetangent coneand approximates, as a convex subset of the tangent space atq0, the setC in
the neighborhood of the point of impactq0, see Figure 1.

From (17) and (18) we see that the conditions onv andv? in (16) can be expressed by the
inclusions

v ∈ TC (q0)+b, ∀v? ∈ TC (q0)+b. (19)

By using (15) and (19) Newton’s impact equation (10) may thus be stated as follows: For

v = 1
1+ε u+ + ε

1+ε u− (20)

and givenu− find u+ such that

M(u+−u−) = R, −RT(v?−v)≤ 0,

v ∈ TC (q0)+b, ∀v? ∈ TC (q0)+b.
(21)
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Note that both, the velocityv and their variationv? are taken from atranslateof the tangent
cone, because we are dealing withmovingsets (gi(q, t) ≤ 0) caused by external kinematic ex-
citation. In contrast, for thevirual velocitiesδv := v?− v it holds thatδv ∈ TTC (q0)(v−b) ⊃
TC (q0). Equation (21) may thus be stated in variational form as

−δvTM(u+−u−)≤ 0, v ∈ TC (q0)+b, ∀δv ∈ TTC (q0)(v−b). (22)

These are, on the other hand, exactly the conditions for an element−M(u+−u−) to belong to
the polar ofTTC (q0)(v−b),

−M(u+−u−) ∈NTC (q0)(v−b), (v−b) ∈ TC (q0), (23)

which expresses Newton’s impact law as an inclusion. We have thus proven the following:

Proposition 3.1Withv from (20), the impact equations(21)–(23)are equivalent to the formula-
tion (8) of Newton’s multi-contact impact law for simple unilaterally constrained systems with
global dissipation index in the sense that for anyu+ satisfying any of the equations(21)–(23)
values ofΛi andγi can be found such that the local formulation(8) holds.

Note, however, that (21)–(23) can be regarded as ageneralizationof (8), because these for-
mulations hold beyond simple unilateral constraints when appropriate definitions of the cones
are used as in [7]. They are still valid for (tangentially regular) setsC which can not be ex-
pressed by the intersection of a finite number of inequalitiesgi(q, t) ≥ 0 with non-vanishing
gradientsM−1wi at their boundaries. An example inR3 of such a set is already the circular
cone{λ(e+ D) |λ ≥ 0} with 0 6= e⊥ D andD the closed unit disc inR2 with respect to the
2-norm.

Along with the impact equations, the impact law−R ∈NTC (q0)(v−b) for systems with global
dissipation index singles out one particular element−R of NC (q0). This element is unique
as we will see in the next section and is always contained inNC (q0), becauseNTC (q0)(v−
b) ⊂ NC (q0) for (v−b) ∈ TC (q0) by standard arguments from convex analysis [8,9]. There
is nothing axiomatic behind this impact rule, and one can not expect this law to hold for any
impact event in a physical system. The only prediction which may be taken for granted is that
−R lies in the normal coneNC (q0).

We will finally state equation (23) in the tangent space at pointq0. With T ⊥
TC (q0)

(v− b) :=
M−1NTC (q0)(v−b) the cone orthogonal toTTC (q0)(v−b) as a subset of the tangent space we
obtain

−(u+−u−) ∈ T ⊥
TC (q0)(v−b), (v−b) ∈ TC (q0), (24)

which can be rewritten as

−(u+−u−) ∈ T ⊥
C (q0), (v−b) ∈ TC (q0), −(u+−u−) · (v−b) = 0, (25)

see e.g. [10] for a proof. The dot in (25) denotes the inner product with respect to the kinetic
metric, i.e.a ·b := aTMb . This formulation of the Newtonian impact equations will further be
used to gain a geometric interpretation of the impact.

4 A GEOMETRIC INTERPRETATION OF THE IMPACT LAW
With (u−−b) being the pre-impact velocity of the systemrelative to the tangent coneTC (q0),
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Figure 2: The geometry of impacts with global dissipation index.

we propose the following geometric construction of the impact law: Perform an orthogonal
decomposition of(u−−b) into

(u−−b) = z+z⊥ (26)

such that the vectorsz andz⊥ satisfy

z∈ TC (q0), z⊥ ∈ T ⊥
C (q0), z·z⊥ = 0 (27)

with T ⊥
C (q0) := M−1NC (q0). This decomposition is unique. It is a special case of Moreau’s

theorem, see [11] for the full version and the proof. The termz plays the role of thetangential
componentof (u−−b) which remains unchanged by the impact, whereas thenormal component
z⊥ is “inverted” by the impact rule

z× :=−εz⊥ (0≤ ε≤ 1), (28)

whereε is the coefficient of restitution as before. The post-impact velocity relative toTC (q0) is
then set to be

(u+−b) := z+z× (29)

according to the construction shown in Fig. 2.

From Fig. 2 one recognizes immediately a lot of properties of the impact law: It is always
energetically consistent, because for systems without external excitation (b = 0) the kinetic
energyT satisfies 2T+ = ‖u+‖2≤ ‖u−‖2 = 2T−, where equality holds forε = 1 and maximal
dissipation is achieved forε = 0. For systemswith external excitation energetical consistency
has to be understood as to satisfy‖u+−b‖2 ≤ ‖u−−b‖2. A completely elastic impact (ε = 1)
can be interpreted as areflectionon a hyperplaneH with normalz⊥, whereas a completely
inelastic impact (ε = 0) corresponds to anorthogonal projectionof (u−−b) onH to givez. In
terms of a minimization problem arez andz⊥ the nearest points to(u−−b) in the setsTC (q0)
andT ⊥

C (q0), respectively. The corresponding maps are calledproximationsand denoted by

z = proxTC (q0)(u
−−b), z⊥ = proxT ⊥

C (q0)(u
−−b). (30)
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For example, the impact law (26)–(29) might equivalently be stated in terms of proximations as

(u+−b) = (1+ ε)proxTC (q0)(u
−−b)− ε(u−−b) (31)

when the first equation in (30) is used. Further, we recognize that the proximation in (31)
becomes the identity whenever(u−−b) ∈ TC (q0). In this case(u+−b) ≡ (u−−b), thus no
impact occurs.

Proposition 4.1The construction given by equations(26)–(29)and in Fig.2 is the geometric
version of Newton’s impact law(25), (20) for systems with global dissipation index.

Proof. We take (26), (28), (29) and solve them forz andz⊥,

(u−−b) = z+z⊥,

(u+−b) = z− εz⊥,
⇔

z = 1
1+ε(u

+ + εu−)−b,

z⊥ = −1
1+ε(u

+−u−),
(32)

in order to express the orthogonal decomposition (27) as

[ 1
1+ε(u

+ + εu−)−b] ∈ TC (q0), [ −1
1+ε(u

+−u−)] ∈ T ⊥
C (q0),

[ 1
1+ε(u

+ + εu−)−b] · [ −1
1+ε(u

+−u−)] = 0.
(33)

By substitutingv from (20) we obtain

(v−b) ∈ TC (q0), −(u+−u−) 1
1+ε ∈ T ⊥

C (q0),

−(v−b) · (u+−u−) 1
1+ε = 0.

(34)

This is exactly (25), because we may cancel1
1+ε > 0 from (34) sinceT ⊥

C (q0) is a cone. 2

We may further recognize a relation expressing that, indeed, some relative velocity has been
“inverted” by the impact law. From the upper right equation in (32) andv in (20) we have

z = v−b (35)

which we use to eliminatez from the left two equations in (32). This yields

(u+−v) =−ε(u−−v), (36)

even for systems with kinematic excitation (b 6= 0).

5 CONCLUSION
In this paper we have studied the geometric meaning of Newtonian impacts with global dissi-
pation index for rheonomic systems in finite-degree-of-freedom dynamics. Newton’s kinematic
impact law has been stated in inequality form for multi-contact configurations of dynamic sys-
tems with simple unilateral constraints by using local velocity coordinates. It has been shown
that a global representation of the impact equations in the tangent space of the configuration
manifold is accessible via convex analysis arguments and variational calculus, allowing for a
geometrical interpretation of the impact which is based on an orthogonal decomposition of the
pre-impact generalized velocity with respect to the tangent cone and its orthogonal complement.
By this step the same invariant geometrical framework has been accessed as presented in the
article [12] in which Newtonian impacts in scleronomic systems are investigated and related
with Moreau’s impact law [1]. The only difference is a translation of the tangent cone which
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vanishes in the scleronomic case. All the results presented in [12] may thus immediately be
adapted for rheonomic systems, in particular the extension of the impact law to the case of re-
entrant corners and their representation via a stationary point problem involving the generalized
gradient of the indicator of a non-convex cone.
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