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Abstract— This paper presents an observer-based friction
compensation design for a class of frictional systems guaran-
teeing global exponential stability of the closed-loop system in
the absence of velocity measurements. The friction compen-
sation scheme allows a fairly general discontinuous friction
model that is able to describe stiction and the Stribeck effect,
and which can fit experimentally obtained velocity-friction
maps. The design method is based on passivity theory. It only
involves well-known linear design criteria: strictly positive real
(SPR) and Hurwitz conditions, and it preserves the separation
and the certainty equivalence principles. The effectiveness of
the design method is tested on an experimental setup.

I. INTRODUCTION

Recently there has been an increasing interest in control
strategies that can compensate the negative effects of fric-
tion, such as limit cycling and large steady state errors;
a review on this topic can be found in [1], [2]. Most
of the proposed friction compensation strategies, including
those that have been recently developed for the LuGre
model [3], [4], assume that accurate velocity measurements
are available for feedback. However, in practice velocity
measurements are often not available for reasons as savings
in cost, volume and weight. An alternative method is to ob-
tain an estimation of velocity from position measurements
using a simple numerical differentiation method or a more
complex one as proposed in [5]. A drawback of this method
is that it is very sensitive to measurement noise. This
observation motivates observer-based friction compensation
strategies in the absence of velocity measurements.

A Coulomb friction compensation with a reduced-order
observer has been proposed in [6]. Tafazoli et al. [7]
modified the reduced-order observer in [6] in order to
overcome some implementation problems. An extension of
this approach that is able to deal with the Stribeck effect
has been studied in [8]. In [9], [10] we have proposed a
Stribeck friction compensation with a full-order observer
and we have encountered limit cycling in case of badly
tuned controller and observer gains.
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In this paper, we generalize the observer-based friction
compensation of [9] and [10] to a class of discontinuous
friction models. Our main result is that we derive a simple
design rule for the observer-based friction compensation
scheme guaranteeing global exponential stability of the
controlled system. The stability analysis is based on pas-
sivity theory, see for example [11]. Our approach is similar
to [12] in the sense that it renders the linear part of
the observer error dynamics output-feedback passive. The
main difference is that in the present case the observer is
linear and the controller has a nonlinear compensation term,
i.e. the friction compensation term. In addition we deal
with discontinuous nonlinearities, i.e. discontinuous friction
models.

The paper is organized as follows. Section II intro-
duces the considered class of discontinuous friction models.
Section III formulates a design problem of the proposed
observer-based friction compensation scheme. The main
results are presented in section IV. In section V, the method
is applied to a 1-DOF rotating arm and experimental results
are provided. Finally, conclusions and an outline of future
work are given in section VI.

II. FRICTION MODEL

We consider a class of discontinuous friction models
described by

F (v) = g(v)Sign(v) (1)

with F the friction force (torque), g a continuous function
of the velocity v and Sign the set-valued signum function
given by

Sign(v) ∈



{−1} if v < 0
[−1, 1] if v = 0.
{1} if v > 0

(2)

This class of friction models includes Coulomb friction if
g(v) = Fc with Fc the Coulomb friction level as depicted
in Fig. 1(a), and Stribeck friction models if g(v) represents
a Stribeck curve as shown in Fig. 1(b). A Stribeck curve
can be a parameterized curve that fits experimental data [1]
such as

g(v) = Fc + (Fs − Fc)e−|v/vs|δ (3)

where Fs > Fc the static friction level, vs > 0 the Stribeck
velocity, and δ the shaping parameter of the Stribeck curve.
The linear viscous friction is omitted in (3) since it can be
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Fig. 1. Curves of considered friction models: (a) Coulomb friction and
(b) Stribeck friction

absorbed in the linear part of the model of the frictional
system. The shaping parameter δ of the Stribeck function
(3) can take values from 1

2 to 2 as suggested in [13], [14],
[15] and in a system with a boundary lubricant δ can be
very large as shown in [16]. Another parameterization of
the Stribeck curve that has been proposed [17] is of the
form

g(v) = Fc + (Fs − Fc)
1

1 + |v/vs|δ . (4)

The considered friction models (1) are restricted by the
following sector condition.

Assumption 1. There exists a real number λ such that the
incremental sector condition

(F (v1) − F (v2))(v1 − v2) ≥ λ(v1 − v2)2, ∀ v1, v2 (5)

holds.

The sector condition (5) means that the rate of decay of
the Stribeck curve is bounded by λ. The Coulomb friction
model satisfies the sector condition (5) with λ = 0. A
Stribeck friction model with the parameterization (3) meets
the sector condition (5) if δ ≥ 1 with λ = −ρFs−Fc

vs
where

ρ =

{
1 if δ = 1
(δ−1) exp(− δ−1

δ )
δ
√

δ−1
δ

if δ > 1 (6)

and with the parameterization (4) satisfies the sector condi-
tion if δ ≥ 1 with λ = −σ Fs−Fc

vs
where

σ =




1 if δ = 1
δ( δ−1

δ+1 )

(1+ δ−1
δ+1 )2 δ

√
δ−1
δ+1

if δ > 1. (7)

Notice that Assumption 1 excludes the Stribeck friction
model with the parameterization

g(v) = Fs − Fd|v| 12 (8)

that is proposed in [18] as well as the friction model with
a discontinuous drop of friction force from a static friction
level to a Coulomb friction level that has been intensively
studied in [19].

III. PROBLEM FORMULATION

We consider frictional mechanical systems that can be
described by

ẋ = Ax−BF (Ex) +Bu (9a)

y = Cx (9b)

where x ∈ R
n the state, A ∈ R

n×n, B ∈ R
n×1, C ∈

R
m×n, E ∈ R

1×n, u ∈ R the input, F (·) the discontinuous
friction model (1) with the corresponding velocity v = Ex,
and y ∈ R

m×1 the measured signals. It is assumed that the
pair (A,B) is controllable and the pair (C,A) is observable.

We propose an observer-based controller with friction
compensation of the form

u = Nx̂+ F (Ex̂+ k(y − Cx̂), Nx̂) (10)

with N ∈ R
1×n the linear controller gain, x̂ ∈ R

n the
estimated state, and k ∈ R a weighting for the observation
error, and F (Ex̂+ k(y − Cx̂), Nx̂) the friction compensa-
tion term given by a modified version of the friction model
(1) in order to specify the value at zero velocity

F (v̂, Nx̂) =
{
g(v̂) if v̂ �= 0
min{|Nx̂|, Fs}sign(Nx̂) if v̂ = 0

(11)
where v̂ = Ex̂ + k(y − Cx̂), Fs the static friction level
(in the case of Coulomb friction Fs = Fc), and sign(·) is
the signum function with sign(0) = 0. A linear observer is
proposed to obtain the estimated state x̂, which is given by

˙̂x = (A+BN)x̂+ L(y − Cx̂) (12)

with L ∈ R
n×m the observer gain.

Remark 1. Notice that F (v̂, Nx̂) ∈ F (v̂) since F (v̂, Nx̂)
only has a fixed value in the interval [−Fs, Fs] at zero veloc-
ity while F (v̂) contains the whole interval, nevertheless the
specification of the friction force at zero velocity does not
have any influence on the sector condition (5) that allows
us to consider F (v̂, Nx̂) as F (v̂) in the rest of the paper.
In fact, any choice of the friction force at zero velocity in
the interval [−Fs, Fs] is acceptable.

Let e = x− x̂ be the observer estimation error. Equations
(9a), (9b), (10) and (12) yield the closed-loop system

ė = (A− LC)e−B [F (Ex̂+ Ee) − F (Ex̂+ kCe)]
(13a)

˙̂x = (A+BN)x̂+ LCe. (13b)

The design problem is to find L, k, and N , which guar-
antee that the origin of the closed-loop system is globally
exponentially stable (GES).

Remark 2. The closed-loop system (13) is - like the
original dynamics (9) - a system of ordinary differential
equations with discontinuous righthand side due to the
discontinuity of F (·). This system admits the solution
concept of Filippov [20, Chapter 2]. An absolute continuous



function x(t) : [0, τ ] → R
n is said to be a solution of a

discontinuous ordinary differential equation

ẋ(t) = f(t, x(t))

in the sense of Filippov if for almost all t ∈ [0, τ ] it holds
that

ẋ(t) ∈ F (t, x(t))

where F (t, x(t)) is the closed convex hull of all the limits of
f(t, x(t)). In our case, the closed convex hull is obtained
by considering the whole interval [−Fs, Fs] of the static
friction force at zero velocity instead of a particular value,
i.e. replace F (v̂, Nx̂) with F (v̂). Existence of solutions
for this type of systems is guaranteed but uniqueness of
solutions is not automatically assessed. An advantage of the
stability result obtained in this paper is that it is independent
of uniqueness of solutions.

IV. MAIN RESULTS

This section presents a solution of the design problem that
is obtained by exploiting the incremental sector condition
(5) and imposing the SPR condition on the linear part of
the observer error dynamics. In the stability analysis, we
use the observer error and the estimated state coordinates,
similarly as in [21]. An advantage of this approach is that
it makes the stability analysis of the closed-loop system
simpler because it explicitly uses the linear structure of the
proposed observer (12), which is simpler than the structure
of the controlled plant (9a-10). The method results in GES
of the observer error dynamics, which is independent of
the estimated state x̂ and the state x, and it preserves the
separation principle [22], i.e. the design of the observer and
of the controller gains are carried out separately.

Theorem 1. Consider the closed-loop system (13) satisfying
Assumption 1. Let H = E−kC, M = A−LC−λBH with
λ as defined in Assumption 1, and I be the identity matrix.
If L and k are chosen such that (M,B) is controllable, (H,M)
is observable, and the transfer function

T (s) = H(sI −M)−1B (14)

is strictly positive real (SPR) then there exist constants
α, β > 0 such that

‖e(t)‖ ≤ ‖e(0)‖α exp(−βt), ∀ e(0), x̂(0) ∈ R
n. (15)

Proof: Rearrange the observer error dynamics (13a)
as

ė = Me−B [F (Ex̂+ Ee) − F (Ex̂+ kCe) − λHe] .
(16)

From the incremental sector condition (5), it follows that

[F (Ex̂+Ee) − F (Ex̂+ kCe) − λHe]He ≥ 0 (17)

holds for all e, x̂ ∈ R
n. Following the Kalman-Yakubovich-

Popov lemma [11], the SPR condition of the transfer func-
tion (14) is equivalent to the existence of (n, n)-matrices

P = PT > 0 and Q > 0 such that

PM +MTP = −Q (18a)

BTP = H. (18b)

Consider the Lyapunov function

V (e) = eTPe. (19)

Its time-derivative along trajectories of (16) is given by

V̇ (e) = −eTQe−2 [F (Ex) − F (Ex̂+ kCe) − λHe]BTPe.
(20)

Substitution of (18b) into (20) yields

V̇ (e) = −eTQe− 2 [F (Ex) − F (Ex̂+ kCe) − λHe]He.
(21)

From (17) and (21), we have

V̇ (e) ≤ −eTQe (22)

and (15) holds [11] with α =
√

λmax(P )
λmin(P ) and β = λmin(Q)

2λmax(P )

where λmin(·) and λmax(·) indicate the minimum and the
maximum eigenvalues, respectively.

Theorem 2. Consider the closed-loop system (13) and
suppose that solutions e(t) of (13a) satisfy (15). If the
controller gain N is chosen such that the matrix A+BN
is Hurwitz then the origin of the closed-loop system (13) is
GES.

Proof: The solution of (13b) is given by

x̂(t) = exp(Gt)x̂(0) +

t∫
0

exp(G(t− τ))LCe(τ)dτ (23)

with G = A+BN and e(t) satisfying (15). Since the matrix
G is Hurwitz, there exist constants γ, η > 0 such that

‖ exp(Gt)‖ ≤ γ exp(−ηt). (24)

In particular choose η �= β (one can always make this
choice). From (15), (23) and (24), we have

‖x̂(t)‖ ≤ ‖x̂(0)‖γ exp(−ηt) + ‖LC‖‖e(0)‖
t∫

0

exp(−η(t− τ)) exp(−βτ)dτ. (25)

Solving the integral equation in (25), yields

‖x̂(t)‖ = ‖x̂(0)‖γ exp(−ηt) +
1

η − β
‖LC‖

‖e(0)‖(exp(−βt) − exp(−ηt)). (26)

From (15) and (26), it follows that the origin of the closed-
loop system (13) is GES.

Remark 3. The Hurwitz condition that is imposed on the
controller gain N to achieve GES of the controlled system
is equivalent to the condition needed for a linear state feed-
back, i.e u = Nx, to stabilize the plant (9a) without friction.



Fig. 2. The experimental setup

It means that the friction compensation makes the certainty-
equivalent feedback design ([12], [21]) of the linear plant
without friction applicable to the original frictional plant.
This result is possible because of the cascaded structure
of the closed-loop system (13a-13b), i.e Theorem 1 holds
independently of x̂, and the observer error e in (13a) enters
(13b) linearly.

V. EXPERIMENTAL VALIDATION

In this section, the proposed design method is applied to
an experimental setup, which is shown in Fig. 2. In this
case, we consider the 1-DOF rotating arm of the setup
without the inverted pendulum. This section consists of
three subsections. Subsection A explains the experimental
setup, a model of the setup and identification procedures of
the model parameters. In subsection B, we demonstrate how
to apply the proposed design method. Finally, experimental
results are presented in subsection C.

A. The experimental setup, modelling, and identification

The 1-DOF rotating arm system consists of an induction
motor, a planetary transmission, and a rotating arm. Due to
bearings and seals in the motor and in the transmission, the
inertia of the total system, i.e. the combined inertia of the
separate elements, is subject to friction.

The angular displacement of the arm is measured with
a high-resolution encoder with 2 × 104 increments per
revolution of the motor shaft, and there is no velocity
sensor available. The induction motor is supplied by a
‘Pulse Width Modulation’ source inverter with a motor
constant of 16 Nm/V. The input signal of the source
inverter and the encoder signals are respectively sent and
read by a dSPACE system [23], i.e. an interface PC card
equipped with a control desk program that provides a user
interface in a Pentium PC to control the setup. During the
experiment the sampling frequency of the dSPACE system
is set to 5 kHz. The control algorithm is implemented as
Simulink blocks in the Matlab software package, which are
then compiled to a Windows executable file. The dSPACE
system provides a real-time kernel that is used to run the
executable file. A SigLab system [24] is used to perform
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Fig. 3. Friction curve: (· ·) measurement data and (—) fitted curve

on-line frequency domain measurements, which processes
the position measurement signal and the control signal from
the dSPACE system.

A model of the rotating arm is given by[
ẋ1

ẋ2

]
=

[
0 1
0 −Fv/J

] [
x1

x2

]
−

[
0

1/J

]
F (x2)

+
[

0
1/J

]
u (27a)

y = x1 (27b)

where x1 and x2 position and velocity of the rotating arm
respectively, Fv the linear viscous friction damping, J the
inertia of the rotating arm, F (·) a Stribeck friction model, u
the input, and y the measured position of the rotating arm.
For this experimental setup, an asymmetric Stribeck friction
model is used because of the asymmetry of the identified
friction curve as shown in Fig. 3. The asymmetry Stribeck
friction model is described by

F (x2) =




g−(x2) if x2 < 0
[−F−

s , F
+
s ] if x2 = 0

g+(x2) if x2 > 0
(28)

where

g−(x2) = −F−
c − (F−

s − F−
c ) exp(−| x2

v−s
|δ) (29)

with F−
s , F

−
c and v−s static friction level, Coulomb friction

level and Stribeck velocity for negative velocities, respec-
tively, and

g+(x2) = F+
c + (F+

s − F+
c ) exp(−| x2

v+
s
|δ) (30)

with F+
s , F

+
c and v+

s static friction level, Coulomb friction
level, and Stribeck velocity for positive velocity, respec-
tively.

The value of the inertia parameter J = 0.026 kgm2/rad
is obtained from a Bode plot, which is produced from the
frequency domain measurement of the SigLab system. The
friction curve, which is depicted in Fig. 3, is obtained from a
closed-loop experiment where the rotating arm is controlled
with a PD controller at several constant velocities and the
input torque at a constant velocity is assumed to be equal



TABLE I

IDENTIFIED FRICTION PARAMETERS

Parameter x2 > 0 x2 < 0

δ [-] 1 1
Fs [Nm] 0.57 0.51
Fc [Nm] 0.39 0.38
Fv [Nms/rad] 0.082 0.079
vs [rad/s] 0.07 0.08

to the friction torque. The friction parameters values as
shown in Table I are obtained by fitting the corresponding
Stribeck function to the experimental data that minimizes
the quadratic cost function

min
θ

M∑
k=1

[u(vk) − (g(vk, θs) + Fvvk)]2 (31)

where u(vk) is the average input torque during a con-
stant velocity vk, g(·) is the Stribeck function, θs =
[ δ Fs Fc vs ] is a vector containing all Stribeck fric-
tion parameters, θs = [ θs Fv ] and M is the number of
data points.

Slopes of those experimentally fitted Stribeck curves
are bounded by λ− = −1.625 and λ+ = −2.572 for
negative and positive velocities, respectively. Thus, the
experimentally obtained asymmetric friction model satisfies
Assumption 1 with λ = −2.572.

B. Application of the design method

According to the proposed observer-based friction com-
pensation scheme, design variables of the rotating arm sys-
tem are the observer gains L = [ l1 l2 ]T , the weighting
k, and the controller gains N = [ n1 n2 ].

In the following, it is demonstrated how Theorem 1 is
applied in order to get a design rule for k, l1 and l2.
Firstly, determine matrices H , B, and M from the rotating

arm model (27), namely H =
[ −k 1

]
, B =

[
0
1
J

]
,

and M =
[ −l1 1

−l2 + λk
J −λ+Fv

J

]
. Then, verify whether

the pair (M,B) is controllable and the pair (H,M) is ob-

servable, i.e check if matrices
[
B MB

]
and

[
H
HM

]
are full rank. In this case, those matrices are indeed full
rank. From the matrices H , B, and M , compute the
transfer function T (s) and Re [T (jω)]. In this case T (s)
and Re [T (jω)] are given by (32) and (33), respectively.

Then, find conditions on k, l1, and l2 such that the
transfer function T (s) satisfies the SPR condition, see [11,
Lemma 6.1, p. 238], resulting in k > −λ+Fv

J , l1 > −λ+Fv

J

and l2 >
kλ−l1(λ+Fv)

J .
According to Theorem 2 the controller gains n1 and n2

must be chosen such that the matrix A + BN is Hurwitz.

From (27a), A =
[

0 1
0 −Fv/J

]
and the matrix A+BN

is Hurwitz if and only if n1 < 0 and n2 < Fv .

TABLE II

DESIGN VARIABLES VALUES

Parameter x2 > 0 x2 < 0 Nominal value

k > 95.75 > 59.47 98
l1 > 95.75 > 59.47 100
l2 > ϕ(k, l1) > ϕ(k, l1) 80
n1 < 0 < 0 -8
n2 < 0.082 < 0.079 -0.9

ϕ(k, l1) = (kλ − l1(λ + Fv))/J

Due the asymmetry of the friction model, a nominal value
of those design variables are chosen such that it satisfies
the obtained design rule for both negative and positive
velocities, see Table II. In order to avoid the change of
the viscous friction damping - because of F−

v < F+
v - in

the implementation of the proposed observer (12), we use
Fv = F−

v in the matrix A. The term (F+
v − F−

v )x2 is
then added to the Stribeck function g+(x2) in the friction
compensation term in order to handle the larger viscous
friction damping for positive velocity.

C. Experimental results

Responses of the controlled rotating arm with the nominal
value of design variables from Table II and initial conditions
x = [ −1.57 0 ]T and x̂ = [ −1.5 0 ]T are depicted in
Fig. 4.
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Fig. 4. Experimental results: (—) with friction compensation and (- -)
without friction compensation

Figure 4 compares the performance of the observer-
based controller without and with the friction compensation.
It is understood that without friction compensation the
controlled frictional setup has a large steady-state error, i.e.
ess > 0.29 rad. The friction compensation works well and
significantly reduces the steady state error to ess < 10−3

rad. Another advantage of the friction compensation is that
the resulting applied torque to the motor is about the same
as the one without friction compensation. Figure 4 also
shows that the friction compensation induces a transient



T (s) =
s+ l1 − k

Js2 + (Jl1 + λ+ Fv)s+ Jl2 + l1(λ+ Fv) − λk
(32)

Re [T (jω)] =
(λ+ Fv + kJ)ω2 + Jl2(l1 − k) + λ(l1 − k)2 + l1Fv(l1 − k)

(−Jω2 + l1(λ+ Fv) + Jl2 − λk)2 + (Jl1 + λ+ Fv)2ω2
(33)

dynamic around the setpoint. The transient dynamics is due
to frictional phenomena that are not captured by the Stribeck
friction model used in the friction compensation. Numeri-
cal simulations confirm no transient dynamics around the
setpoint and zero steady-state error if the friction acting
on the plant is exactly described by the Stribeck friction
model. Nevertheless, a better performance can be obtained
if the controller gain N and the observer gain L are well
tuned. Tuning procedures for linear systems such as the
pole placement technique and the linear quadratic (LQ)
optimal control design, see e.g. [22], can be used because
the friction compensation scheme enables the certainty-
equivalent feedback design, see Remark 3. The friction
compensation term may induce a non-smooth phenomenon
in the applied input torque to the motor as shown in Fig.
4 at t ≈ 1.5 s and at t ≈ 3.1 s. It is also shown that the
controller is still active even though the rotating arm has
been at rest, see Fig. 4 at t ≈ 5.8 s. This phenomenon may
be induced by presliding dynamics of friction that can not
be compensated by a static friction compensation. However,
this effect can be avoided by a stopping procedure for the
motor while the rotating arm is at rest.

VI. CONCLUSIONS AND FUTURE WORK

A simple design rule for the proposed observer-based
controller with friction compensation scheme guaranteeing
global exponential stability of the closed-loop system has
been derived. It preserves the separation and the certainty
equivalent principles that enable one to use available tuning
procedures to tune the linear controller and observer gains
in order to achieve a desired performance. The friction
compensation scheme has been tested on an experimental
setup and it shows a promising result.

In future work, we attempt to make a robust version
of the friction compensation scheme since friction is a
highly nonlinear phenomenon that cannot be completely
captured by a simple model. It is also desirable to have
an adaptation mechanism available for the parameters in
the friction compensation model because the actual friction
characteristics may change due to e.g. wear, temperature,
and humidity.
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