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Piecewise-Smooth Systems
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The system is discontinous across the boundaries 
between different regions (switching manifolds)

Applications:
Power Electronic Converters, Impact and Friction Oscillators,
Feedback Relay Systems, Hybrid Dynamical Systems in Control 
Eng., V ibro-Impacting Machines etc.

1 1

2 2

( , ),

( , ),

( , ),N N

F x x S

F x x S
x

F x x S



Consider a sufficiently small region D such that:

H defines the boundary where smoothness is lost

Across the boundary the states are continuous but 
(Filippov systems)

We also consider systems such that on the boundary:
(PWS continuous)
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Boundary equilibria bifurcations
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We start with the case of PWS continuous systems. 

In this case, by continuity we must have

We term as admissible equilibria of (1) points x* such that

while we say non-admissible equilibria points x such that
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We say that a point z is boundary equilibrium if: 
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A regular equilibrium x is said to undergo a boundary 
equilibrium transition at µ = µ* if:

1. F1( x , µ*) = 0,

2. H( x, µ*) = 0,

3. F1x ( x, µ*) is invertible

We shall seek to unfold the bifurcation scenarios that can 
occur when µ is perturbed away from µ* (find the possible 
branches of solutions originating from a BE)



Possible scenarios
We find that two fundamental scenarios are possible:

Persistence: the equilibrium persists on the other side of S

Nonsmooth Saddle-Node: the equilibrium collides with 
another invariant set and is then annihilated



Analytical Conditions
Simple analytical conditions can be derived to predict the 
scenario observed at a boundary equilibrium transition

Namely, say x+ and x – two regular equilibria, e.g.
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By continuity we have
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Assume that when µ = 0, x = 0 is a boundary equilibrium



Then linearising about (0,0) we have:
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From similar algebraic manipulations we then get:

Now we can get conditions for the coexistence of both equilibria
in terms of the constraints on the sign of ?+ and ?--



Classification Theorem
(Equilibrium points branching from 

a boundary equilibrium)

For the system of interest assuming the following non-degeneracy conditions:
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Persistence is observed at the boundary equilibrium transition if

Annhilation is observed at the boundary equilibrium transition if
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We can extend this approach to Filippov systems

In this case, branches of pseudo-equilibria are involved 
in boundary-equilibria bifurcations

The classification above includes cases where a boundary 
equilibrium either does not persist or becomes unstable 
at the DIB

Then, how does the phase portrait changes for further 
parameter variations ?



Hopf-like transitions
In particular, we were able to prove that a branch of periodic 
orbits is originated at a BE DIB if:

1. The boundary equilibrium transition at µ = 0 is associated to a 
persistence scenario where a regular stable focus becomes 
unstable

2. When µ = 0 the boundary equilibrium at the origin is an 
asymptotically stable equilibrium of the system of interest

The proof can be easily obtained by continuity (in 2D we 
must have periodic orbits, in 3D even chaos becomes 
possible !) [diBernardo et al, 2004]

The trickiest part is prove asymptotic stability of the 
boundary equilibrium ! (no general results available but …
[CDC 05])



A useful stability result



3D Bifurcation Diagram

Note the difference with smooth Hopf !



Using Bifurcation Analysis for Control 
System Design

An interesting open problem is whether nonsmooth
bifurcation analysis can be used for control system design

It would be useful to exploit the detailed knowledge we 
have of the local behaviour of a given system close to a 
discontinuity induced bifurcation

Let’s focus on two recent ideas to generate or suppress limit 
cycles in a given system



Generating Limit Cycles
Suppose you have a linear system described by a linear transfer 
function G(s) and you want to design a controller to generate a 
stable limit cycle of a desired amplitude

Then, using the results presented sofar one could choose:

selecting the control parameters and transfer function so that the 
closed-loop system is placed past the hopf-like bifurcation point !

Alternatively, we could use the theory of DIBs to suppress 
unwanted oscillations



Using the theory of corner-collisions

As mentioned by Alan in 
his talk, corner-collision 
bifurcations can be studied 
and classified by deriving 
appropriate local maps

Such maps can be derived 
analytically using a 
combination of asymptotics
and IFTs



The main idea is to use the theory of corner-collisions 
to design a switching control action for a smooth dynamical 
system of the form

For example, assume the plant exhibits a stable limit 
cycle of period T 

the objective is to synthesise a local switching control 
action u = f (x,t)  in order to modify or suppress the 
limit cycle exhibited by the system.

For the sake of clarity we will illustrate the design only 
in the planar case. 
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Namely we choose:

And the closed-loop system
becomes:

We then choose the control vector field in order for the
discontinuity-map to exhibit some desired properties, i.e.



Thus, we can design the controller so that the Poincare’
map of the closed-loop system exhibits either no 
fixed point (disappearance of the cycle) or a fixed point
with the desired property (changing the amplitude of the cycle)

A bit like “bursting a balloon !”

Let’s see a representative example…



A 2D example





Other ongoing Work

We are currently working on:

Novel DIBs (corner-impacts etc)

Higher-codimension discontinuity-induced bifurcations

Discontinuity-bifurcations of piecewise smooth systems with 
delays (e.g. relay-delay control systems)

Applications

All of these problem pose several challenges. I will 
illustrate some through a representative application…



Nonlinear Dynamics of a cam-follower
system: a representative example



Constraint definition (Cam-profile)





The cam-follower system
as a driven impact oscilator

It has been observed that this system can exhibit 
complex behaviour including chaos 

We have analyzed its dynamics in detail. Here are 
the typical steps followed



Analysis: an outline

Firstly, we carried out extensive numerical simulations to 
characterise the system behaviour (both time-simulations 
and continuation – see Petri’s talk)

Then, local maps were derived analytically to explain the 
transitions observed in the system and predict their 
outcome (e.g. jump to chaos)

This will be validated experimentally before moving onto 
a final control design stage







Bifurcation diagrams



ZOOM near corner impact



Uo= 5
Vo= 0

Uo=0
Vo=0

( I van Merillas)



A new DIB: corner-impact event







Conclusions

Structural stability can be lost through a class of 
discontinuity induced bifurcations

Namely, equilibria of nonsmooth systems can undergo 
boundary-equilibrium transitions

The possible scenarios observed at a NST can be 
predicted analytically and used for control system design

Applications require powerful numerical tools to deal 
with chattering, sliding etcand perform advanced tasks such 
as continuation, BA computation etc (see Petri’s talk)


