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[Local Variables}

||

%«
‘

/ n is the normal vector directed along P’P, where P, P’,
are proximal points;

/ U = (Ur,Uy) is the relative velocity, U~, U™, left and
right velocity;

/ R = (R, Ry) is the reaction from O’ onto O;

/ g is the gap, the signed distance P’P.

Relations connecting local variables to generalized variables,
at some candidate to contact labelled a:

U*=H"(q)¢ , r*=H%(q)R". (1)

H%(q), H**(q) : transposed linear mappings.
g9° =Ux . (2)

The normal relative velocity is the time derivative of the
gap function.



[Unilateral conditions}

* The classical form of the non penetration condition is,
forallt >ty g(t) > 0.
* Another equivalent form is (Moreau):
g(to) >0, forall t > to, if g(t) <0, then Uy (t) > 0.

* The classical Signorini condition is (gap Signorini),
g(t) >0  Rn(t) >0  g(t)Rn() = 0.

* An alternative form is (velocity Signorini),
g(to) =2 0,
if g(t) >0, then Ry(t) =0,
if g(t) <0, then Ui (t)>0 Rn(t)>0 Ux(t)Rn(t) = 0.

Velocity Signorini implies gap Signorini. The converse is
almost true.

* The inelastic shock law writes:
g(to) >0,
if g(t) >0, then Ry(t) =0,
if g(t) <0, then Ui (t)=0 Rp(t)>0.

The inelastic shock law implies velocity Signorini. The con-
verse is almost true.

* Glocker proposes a complementarity condition using Un.

A choice of unilateral condition is offered. What are the
pros and cons?
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[Discrete forms of Signorini Coulomb relationsJ

The proposed discrete form of the gap Signorini condi-
tion is,

g(i+1)>0  Ry(i+1)>0  gli+1)By(i+1) = 0,

The proposed discrete form of the velocity Signorini
condition is,

if contact is not forecasted, then
Ryn(t+1)=0,
if some contact is forecasted, then

Ux(i+1)>0 Ry(i+1)>0 UL(i+1)Ry(i+1) =0.

The proposed discrete form for Coulomb law is:

Rr(i+1) € D(uRN(i+ 1))
VS e D(uRN(i+ 1)) (S—Rr(i+1)Ur(i+1)>0,

Shortly referred to as (« is some index labelling a candi-
date for contact)

SignCoul (i, U%(i + 1), R*(i + 1)) .

A full implicit approach is used. Primary variables: the
mean value impulse; the relative velocity at the end of the

time step (acting as UT), the gap at the end of the time
step.



g

A free particle is falling down on a rigid plane. Here are
two possible computed trajectories: blue, a safe trajectory; red,
an inaccuracy has occured at time ¢, so that the particle has
penetrated.

i i+ 1

gap Signorini
g(i+1) =0
Un(i+1)=—g(2)/h

* Quasistatics,
* deformable bodies

masses of contacting nodes
are negligible

time step h is large
mUn(t+ 1) = —mg(2)/h
are negligible artefact
impulses

gap self correcting

* Dynamics,
* rigid bodies

masses of contacting bodies
are not negligible

time step h is small
mUN(i+ 1) = —mg(i)/h
are significant artefact
restoring impulses

[ i+1
velocity Signorini

gt +1) =g(4)
UN(i -+ 1) =0

- fine from the point of view
of impulses

- penetration should be
controlled

See advices 2,3



[Colliding barsJ

Two colliding unidimensional symmetric elastic bars. Ve-
locity of the left end point of the left bar versus time. Au-

thor D. Vola & al.

Vn (m / s)

Vn(m /s)

-10

—— @-method
------- exact solution

10

0.00004

0.00008 0.00012 0.00016 0.0002

t(s)

—— modified -method
------- exact solution

0.0

0.00005

0.0001 0.00015 0.0002

t(s)

Why so spoiled?

0.0002

10 b 0-Euler-method
------- exact solution
5 b
@
~~
g oF 0 s
[=}
>
5 S —
10 b
0.0 0.00004  0.00008  0.00012  0.00016  0.0002
t(s)
10 Newmark
------- exact solution
5 9
.
5]
~
g 0
[=]
>
0
-10
0.0 0.00005 0.0001 0.00015
t(s)



A 6 method approximation is adopted:
q(i+1) =q(i) + h(1 = 0)UNn (i) + hOUN(i+1), (3)

0<6<1.

The gap Signorini condition is,

g>0 Ry >0 gRny =0,

g=Un.

A discrete form is,

gli+1)>0 Ry(i+1)>0  g(i+1)Ry(i+1) = 0,
g(i+1)=g()+h(1 —0)Un(i) + hOUN(i+ 1) . (4)
The approximation 4 is suggested by 3.
The results are the following, previous slide:

Newmark , artefact oscillations.
6 method (@ = 0.55) blue , artefact oscillations.

Explanation: For simplicity sake be lucky: g(i) = 0,
prescribed: g(i 4+ 1) = 0, so that,

. 1—6 .
Un(t+1) =—-5"Un(2).
The approximation 4 generates an artefact restitution law.

Another discrete form is obtained using an approxima-
tion of the gap at time ¢;11 + h(1 —0) .

gli+1+1-6)>0 Rn(i+1)>0 gli+1+1—0)Ry(i+1) = 0,
gli+14+1—-60)=g(i+1—0)+hUn(i+1).

The result is the following, previous slide:
0 method, with above relevant Signorini condition red.

See advice 4.
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Static equilibrium of a rigid disk wedged between two rigid
planes, under gravity, with Coulomb friction (Coulomb cones
are coloured); an example of non uniqueness of the
reactions. Any point P on the segment I.J is a possible
meeting point for the gravity force and the reaction forces
exerted on the disk at contact points A, B.

See warning 7
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